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Abstract 

We generalise the notion of coherent states to arbitrary Lie algebras 
by making an analogy with the GNS construction in C*-algebras. The 
method is illustrated with examples of semisimple and non-semisimple 
finite dimensional Lie algebras as well as loop and Kac-Moody alge- 
bras. 

A deformed addition on the parameter space is also introduced simpli- 
fying some expressions and some applications to conformal field theory 
is pointed out, e.g. are differential operator and free field realisations 
found. 
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1 Introduction 

For the harmonic oscillator one can define coherent states, i.e. states which 
are eigenstates of the creation operator of, see e.g. |L|. These are given by 
(note: unnormalised!) 

k):=e^|0) (1) 

where |0) is the vacuum state (the zero particle state of the Fock space) and 
where z is some arbitrary complex number. These states are over-complete 

(z\z'):=p(z,z') = e-^' (2) 
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where z is the complex conjugate of z G C. We can then normalize by 
dividing \z) by \/p(z, z) = exp(— \\z\ 2 ). The relevance of these states lie in 
their intimate connection with functional integrals. Given an operator, A, 
we can construct its Bargmann kernel, A, which is then a function of two 
complex variables 

and a functional integral is then defined as 



where U(zf,tf;Zi,ti) is the time-development operator and where the mea- 
sure is defined as the limit T>(z, z') = lim^^ dz ^l n ■ 

For fermionic degrees of freedom, one would define coherent states in a simi- 
lar way, but with the complex parameter z replaced by a Grassmann number 

'/• H- 

Now, the harmonic oscillator is but one particularly simple example of a 
physical system described by a Lie algebra. In this case the algebra is 
Ai ~ sl 2 — su 2 — so 3 , 

[a', a] = n [n,a^~\ = a' [n,a] = —a (5) 

which is the simplest non-trivial semisimple Lie algebra. 
Generalisations to other semisimple Lie algebras have been made in the past, 
||]. One considers a (usually compact) Lie group G acting on some space X. 
Starting with a fiducial vector \x), x G X, one defines |g) = exp(T(g))|;c) 
where T is the appropriate representation. The geometric setting for this 
is the Borel-Weil-Bott construction, see e.g. 0. One first considers G as a 
fibre bundle over G/H with fiber H, and then constructs a holomorphic line 
bundle L\ from a map A : H — > S 1 , A a highest weight. The Peter- Weyl 
theorem then states that L 2 (G) ~ @\V\® V£, where V\ denotes the set of 
cross sections of the line bundle L\, i.e. V\ = T(L\). The functions in V\ 
are annihilated by elements of G_, the Lie group of the algebra 0_ given 
by a root decomposition with respect to f) the Lie algebra of H (the Cartan 
algebra) . 

We want to propose a simple, constructive and natural procedure which ap- 
plies to non-semisimple Lie algebras and to Kac-Moody algebras too. Let us 
note that the definition of a coherent state depended on the following ingre- 
dients: (1) a root decomposition (in order to specify the creation operators), 
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(2) a representation, and (3) a vacuum state, |0), in the corresponding vector 
space (the Fock space). It is natural to attempt to construct all of this out of 
the structure of the algebra itself. In this way it becomes similar to the GNS 
construction known from operator algebras, in which one uses the structure of the 
algebra (C* or just Banach), A, to construct a natural Hilbert space, TC, with a 
natural cyclic vector (i.e. the vacuum state) denoted by £, such that TL = A£ (the 
algebra generate the Hilbert space) and A is isomorphic to a subalgebra of B(TL), 
the algebra of bounded operators on TL. See e.g. ]7]]. 



2 The Construction 

We will generalise the root decomposition in the following way. Suppose we can 
write the Lie algebra (as a vector space) as 

9 = do® ^2 9a® 9a ( 6 ) 

agA + aGA_ 

with 

[g a ,Qp] Q 0a+/3 a + P^O (7) 

[9a,9-a] Q 00 (8) 

[00, go] = (9) 

where a,/3 are elements of some vector space of dimension > dim go- We do not 
require dimg Q < 1 nor do we require na S A + U A_ U {0} = A =^ n = ±1, 0. 
Hence we will allow roots a without a corresponding mirror image —a, or with e.g. 
2a also a root. We will also allow more than one linearly independent generator 
in each g a . 

Roots which satisfy the usual requirements (each root space having dimension one, 
and na a root only if n = ±1,0) will be called proper, and will thus generate a 
semisimple sub-algebra, whereas the remaining roots will be called pseudo roots. 
For Kac-Moody algebras the real roots are then proper whereas the imaginary ones 
are pseudo roots (but each space g a is one dimensional). In this case the proper 
roots span the corresponding finite dimensional Lie algebra. 

As for semisimple Lie algebras we will draw the roots as vectors in some (for finite 
dimensional algebras) finite dimensional space. If there is more than one indepen- 
dent generator in a given Q a then the corresponding arrow is drawn differently: 
if dimg Q = 2 then we will draw the arrow as ff, whereas for dimg Q > 3 we will 
include the dimensionality as a subscript, ffd, with d = dimg Q . 
Let us consider some examples. The trivial Lie algebra F where F is some field 
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(e.g. F = R, C) is then drawn as a simple arrow |, whereas F 2 is drawn as f|\ 
These are of course Abelian. For an example of a non-Abelian algebra, consider 
the Heisenberg algebra in a one-dimensional space, h±, this is drawn as 



/\ 



where the generators of ff are denoted by q,p and where the generator of the 
uppermost arrow is ihl. This corresponds to a decomposition 



where dimfji = 2 and dim 02 = 1> [flijfli] = 02- Here 0o = and there are no 
negative roots, all roots are pseudo roots, denoted by 1, 2. One should note that for 
non-semisimple Lie algebras the root-decomposition will in general be non-unique. 
An alternative decomposition for hi would have been g_i © 0o © 0i with each 
component being one dimensional; g_i = Fp, 0o = F(ih~l),Qi = Fq. This latter 
choice however would obscure the very strong difference between the nilpotent 
algebra hi and the semisimple one A\. We have chosen the decomposition which 
most clearly brings out this difference between the two algebras. 
When 0o 7^ but all roots are still pseudo, we will denote the elements of 0o by 
a circle. Consider for instance the unique two dimensional non-Abelian algebra, 
[e, /] = e. This has a decomposition go © $ji where 0o = Ff and gi = Fe. The root 
diagram is 



We conjecture that all finite dimensional Lie algebras can be treated in this manner. 
Consider extensions of a semisimple Lie algebra, say A\ = = SU2 = S03 for 
simplicity. Some of the ways of extending it by pseudo roots are shown in table 
1. The Jacobi identity fixes most of the algebraic relations uniquely, and the 
corresponding Lie algebras are listed in the table too. 

The second example in the table, the one where the new generators are e s , e s ± r , 
will be called the fan algebra, because of the shape of the root diagram, and will be 
the standard example together with the Heisenberg algebra of a non-semisimple 
Lie algebra. We will denote the fan algebra by fs(-Ai) or just f3, the subscript 3 
refering to the three extra roots we have added to A\ , namely e s , e s ± r . Similarly 
one can define f2 n +i(^4i), for n > 1. 

Now given a Lie algebra 0, in order to define coherent states, we must first of 



hi = 0i © 02 



(10) 
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all find a natural vector space for it to act upon. The obvious choice is the 
underlying vector space of the algebra, i.e. the algebra itself. The corresponding 
representation is the adjoint one. Furthermore, the roots (proper as well as pseudo) 
lying in A + are the natural candidates for creation operators. Note, however, that 
for pseudo roots it is purely a matter of convention whether one includes a root in 
A + or in A_. The two different choices are each other's duals. 
The basic ingredient is then the element 

*a(C) = e Cad ea a G A + (11) 

It turns out that this quantity is important in its own right, as it generates what 
is known as the Chevalley group, see J|]. In order to define a vector |C) we must 
specify a "vacuum state", |0) := Vq. This state, in analogy with the cyclic vector 



of the GNS construction, must satisfy 

ad e a VQ = for a G A_ (12) 

span{x Q (C)^o}oeA + = (as a vector space) (13) 

ad hiV = XiV hi G g (14) 



in words: the vacuum is annihilated by the elements corresponding to negative 
roots (the annihilation operators), is an eigenvector of elements of Qq (the gen- 
eralised Cartan algebra, the "number operators") and generates the entire vetor 
space when acted upon by elements of Q a , « G A + . This is the Lie algebra ana- 
logue of the GNS construction for operator algebras. 
We then define the coherent states as 

|C) := exp( ^2 C«ad e a )v (15) 

where Q = (£ Q ) G Fl A +L For the "dual" element, the bra (£| there are two, in 
general, inequivalent possibilities. One using the generalised Chevalley involution^] 

{e a } -» {-//?} hi - -hi (16) 

with a G A+,/3 G A_,z = 1,..., dim go- Since for g non-semisimple, |A + | > |A_| 
this "involution" is not bijective. The other possibility is to let (£| be simply the 
complex conjugate transpose of i.e. 

(CI :=^exp(- Cade a )* (17) 

1 We use the following convetion, e a corresponds to a creation operator, i.e. a G A + , 
whereas f a are the annihilation operators, i.e. a G A_. For proper roots we have a 
Chevalley involution to : e a <~> —f- a ,hi ^ —hi. Furthermore, we will always chose 
|A + | > |A_|, i.e. pseudo roots without a mirror image will be considered positive. 
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where the superscript t denotes transpose. It is this definition we will choose. For 
semisimple Lie algebras the two definitions coincide. 
These coherent states are over-complete and we define 

pCCX') ■■= (C\C) (18) 

Then p is some polynomial when the algebra is semisimple and a holomorphic 
function otherwise (for semisimple Lie algebras the adjoint representation is nilpo- 
tent, so the exponentials are finite order polynomials). One should also note that 
the coherent states are not normalised. This can simply be done by dividing by 

VpJCO- 

A particular important subject to study is central extensions. Suppose we have a 
Lie algebra, q, and then form a central extension = 0© Fc, we then would like 
to know how coherent states for g are related to those of q. Write the algebraic 
relations of the centrally extended algebra as 

[e Q , ep] = N a! pe a+ p + c a p 

[^ai fa] = Oi hi -\- Cq^— a 

[hi, hj] — Cij 
etc., then the adjoint representation becomes 

S) «"« - ( 1£ l0 S ) -"*•-( ^ o) 

(19) 

where (c a )p = c a p and where ad e a \ denotes the matrix representing ad e a in g. 
Writing the new vacuum vector as vo = (vq, 0) we get 

10 = |0o + Y,CcaA\c) ■= IC)o + c(C,v )\c) (20) 

a,P 

where we have defined |c) as the basis vector of g (as a vector space) which is in 
the direction of the central element c, and where | C)o denotes the coherent states 
of 0. Since c is a central element, it follows that 

P(C, CO := (CIO = Po(C, CO + c(C, «d)*c(C', vo) (21) 

in the obvious notation where po is the normalisation polynomial of 0. 
We will now consider some examples. 
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2.1 Semisimple Lie Algebras 

We will explicitly construct the coherent states for all four seimisimple Lie algebras 
of rank at most two, i.e. A±, A2, B%, G2, and also make some general statements. 
The Lie algebra A\ ~ sfo — SU2 — S03 is very quickly treated. We have (ad e) 2 = 
(ad f) 2 = 0, so (lo denoting the Chevalley involution) 



x(Q = k 2 1 C ^*x(0 := e"^ d f = 1 (22) 





The eigenvector of ad h annihilated by ad / is v = (1, 0, 0) (with the weight A = 2) 
which leads to the following set of coherent states 



(23) 




which we will also write as 



|C) = |1) + ^C 2 |2)-C|3) (24) 



with \i) being the z'th canonical basis vector for F 3 (i.e. g considered as a vector 
space). The dual state ((\ is obtained from this by making the substitutions 
C -> -C and \i) -> i.e. 

(C| = (l| + ic 2 (2|+C(3| (25) 

The quadratic (in each variable, i.e. quartic in all) polynomial for the normalisation 
become 

(C\C')=P(C,C') = 1-CC' + \C 2 C' 2 (26) 

as one quickly sees. 

This is not the same as the standard coherent states for the harmonic oscillator, 
(1), because we are using the adjoint representation which is nilpotent, i.e. 3p : 
(a') p = 0. The standard coherent states corresponds to p = 00, which makes the 
algebra into a C*-algebra (the bilateral shift algebra). The next algebras are the 
three rank two simple Lie algebras A2 — SU3, B2 — S04, G2. In these simple cases 
we can actually also compute the exponential of the adjoint representation quite 
easily. 

For A2 — SU3 ~ 5/3 we have the following simple roots ±r, ±s, ±(r + s) and the 
two Cartan elements h r ,h s . In this case 

(ad e r f = (ad e s ) 4 = (ad e r+s f = (27) 
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The vacuum vector is v = (0, 0, 1, 0, 0, 0, 0, 0) = |3) with weight A = (1, 1), and we 
get 

|0 ._ ^gG-ad e r +f s ad e s +( r+s ad e r+a ^j v 
= -iV riS C S |l)+A r r, S Cr|2) + |3) + 

(^Cr(2iV riS C s (2C r - Cs) + 3( r+s (N ryS N_ r , r+s - 2)))|4) + 

(^Cs(iVr, S 6(26 " Cr) - 3Cr +S (l + N r , s N_ s , r+s ))) | 5) + 



(28) 



-iv r , s c,C(Cr(4iv s 



-r— s N r —r- 



+ 2C(N rr 



■r—s N s —r- 



.)) + 



gCsCr+s(Cr(-^r,s -^r,— r— s(l ^r,s-^—s,r+s) -^Vs,— r— s(2 + -A+,s-^— s,r+s)) Cr+s) 



N r ,sCs{Cr 2^ S ^ ^ r + s 



1 7) 



^r.sCs^Cr — Cs) + Cr+s 



|6) + 
(29) 



The normalisation of the coherent states become 



p(C, CO == 1 " JV_ r>r+a JV r>8 CrCr + N-s^+sA^sCsCs + 

Cr+s " ^- s ,r+sCrCs) (V^Cs " \^r,sC ~ C+s) ~ 

(c~r+s ~ ^-r,r+sC>Cs) (^NrXC ~ N r ,sC + C+s) " 
^CrCr {(N- r , r+s - 2N- S , r+S )( r ( s + 3C~ r + s (l + N- r , r+s N a - r - a )) X 

(2iV r , s C(2C; - O ~ K+s(Nr,sN-r, r+a + 2)) + 

CsCs (CrCs^-s.r+s - 2iY_ r , r+s ) + 3Cr+s(l + N_ Syr+s N r ,_ r _ s )) X 

{N r ,sC(C ~ 2 C) + 3C;+s(l - N r>9 N_ 9ir+9 )) + 



36 



s,r+s 



N. 



r,r+s 



) + 



:CrCsCr+s (iV_r,r+s(l + N- r - a N a - r - a ) + iV_ s , r+s (l + iV_ r _ s iV r _ r _ a )) - Q+s X 



Q^NrXCiCm^r+s ~ iVr,-r-s) + 2C' 9 (N, 



i . -r—s N s — r — s 



)) + 



CC+stC^ " JV r _ r _ a (l - iV r , s iV_ s ,r+s) _ iV s ,_ r _ s (2 - N ri ,N a - r - a )) + JV r , a O- 



C' 2 

V+s J 



(30) 



8 



which is a polynomial of sixth degree with the £' and ( variables appearing to at 
most the third power. 

For B 2 ^ so(4) we have the roots ±r, ±s, ±(r + s), ±(2r + s), the Cartan elements 
once more denoted by h r ,h s . Thus 



(ad e r ) = (ad e s ) = (ad e r+s ) = (ad e2r+s 







(31) 



then E a >o C a ad e a ) 8 = and the exponential becomes easy to calculate. The 
lowest weight is A = (—6,5) and the corresponding "vacuum" vector is v = 
(0,0,0, 1,0,0,0,0,0) = |4); one easily checks that this is annihilated by the ad /- 
terms. The coherent states thus become 

10 = -^N rtr+a (N rta CrCs + 2Cr+s)|l) + -N r>s N r , r+a g\2) + iVr,r +S Cr|3) + |4) + 

gCr \_-^r,s^r,r+sCrCs ~i~ ^r,r+s{-^r,s-^r+s,—r l)CrCr+s~l~ 
(15 + 3N r:r+s N 2 r+s-r)(2r+s] |5) - 
g^r,s^r,r+sC?Cs ~ g-^r,r+s(3 — N ryS N r+s ^ s )( r ( s ( r+s + 



2^r,r+s-^r+s,—sCr+s ^CsC2r+s 

-^N r)r+a N r)S (4N a - r - s - 3iY r ,_ r _ 



|6) + 



S )C 3 C S 2 + 



—N rj1 . +a (N ryS + N r ^ r - S (3 — N ryS N r+Sj - a ) + A^ j _ r _ s (iV rjS iV r+Sj _ r — l))(^( s ( r+s + 



AT, 



r,— r- 



Q^s,-r-s 



+ -^(^r,r+s^s,-r-s^2r+s,-r ~ ^r,r+s^r,s^2r+s,-r-s)\ (s&r+s + 

Cr|7)+ 



1 1 3 

-(1 — N r>r+s N2r+s,-r-s)(r+s(2r+s + -^N r ^ r+S {2 — N rj - r - s N r+Sj - s )£ r+s 
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N r _ 2 r- s N r , r+a N ryS (4N a _ r _ a - 3iV r _ r _ s )CC+ 

^2g ^r,r+s i.^r,—2r—s{^^r,—r—s ^r,s ~ ^r,—r—s^r,s-^r+s,—s ~~ 
^s,—r—s + N ryS N r j rS ^— r N s ^— r — s ^) + 4N ryS N r j rS ^—2r—s) CrCsCr+s ~i~ 

77 (A 7 r -2r-s(l — N r r+s A r 2 r +s,-r-s) + 
O 

^r+s,-2r-s{^r,r+s^2r+s,-r — 5) + N r ^ r + S ) ( r (r+sC2r+s ~ 
2C| r +s + 7j~| {^r,r+s(^^r,-2r-s — ^r,-r-s^r+s,-s^r,-2r-s~ 
N r + a ,-2r-s + N ryS N rj -2r-sN r + St -2r-s)(r+s + 
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(6N r ^ r ^ s N r ^2r-s + 5N rjr+s N rjS — 5N r ^2r-s^s,-r-s + 
N r: -2r-sN rt r+ s (N Sj - r - s N2r+s,-r ~ ^r,s^2r+s,-r-s)CsC2r+s)] |8) + 



3 1 2 



|9) + 
1 10) 



From this we can get the coherent states for so(2, 2) and so(3, 1) by multiply- 
ing certain of the e a ,f a by a factor i (using so(3, 1) ~ SU2 <£> C, so(2, 2) ~ 
su(l, 1) © su(l, 1) with su(l, 1) obtained from SU2 by multiplying one of the e, /- 
generators by i). 

The "dual" state (£| is, as always, found by making the substitutions Q — > — £j 
and replacing the kets |i) with the corresponding bras. We will not, however, write 
down the explicit formula for the normalisation polynomial p((, (') = ((](') as this 
is far too big an expression. One should note, though, that finding it is a rather 
easy and straightforward task (at least with a computer). 

Finally, the exceptional Lie algebra G2 has the roots ±r, ±s,±(r ± s),±(r + 
2s), ±(2r + s), whence 



(ad e r ) 4 = (ad e s 



(ad e r+s ) A = (ad e r+2 s) 4 = 



(ad e 2 r+ s ) 2 = (ad e r _ s ) 2 = 

(33) 

The "vacuum" vector is v = (0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) which has the weight 
A = (—1,2). An explicit calculation shows ad f a .v = as it should be. And we 
get 
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10 = J2 an i n ) 



(34) 



n=l 



where (only writing the simplest coefficients) 



(32) 



O-l — —N r:r+S ^-A^sCrCs + Cr+s + g-W"r,s-Wr-s,r+2sCs Cr+2< 
0.2 = — ^^r,s-^r,r+s-^ r r-s,r+2s^V"r-s,rCsCr+2s + ~^^r,s^r,r+s{^r-s,r+2s — N r - Sjr )Cr ( s ( r+ 2s + 
^■^r,s-^r,r+sCr ~^{-^r—s,r-^r+s,r ~i~ ^r+s,r+2s-^r—s,r+2s)Cr+sCr+2s 

(13 = N r>r+S ( r + -N r)r+s N r ^ S)r+ 2s( s ( r +2s 

04 = 1 

05 = Ar-s,r+2sCr+2s 
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a 13 — Cr-s — Y^^ r y s ^ r > r + s ^ r - s > r + 2s (^ s > r - s ~ ^^r,r-s)CsCr+2s ~ 

5 1 

2 Nr,r+sCrCr+s ~^-^r—s,r+2sCr+2sC2r+s ~\~ 

— N r ^N rtr+s (N r _ s ^ r+ 2 s + 3N ri1 .- s — N s ^ r - s )( r (g( r+ 2s + -N r ^N rtr+s (r(s + 
-(3iV r _ Sjr+ 2 s (iV r+Sjr+ 2s — N r>r+S ) — N rjr+s (N SjJ .- s — 3N r)r _ s ))Cs(r+s(r+2s 
«14 = — 2(r-s — Y^^ r , s ^ r < r + s ^ r - s < r + 2s ^ s ,~ r ~ s + ^^r,r-s)CsCr+2s + 

7 1 2 

S-ZV^r+sCrCr+s — — N r _ s ^ r+ 2s(r+2sC2r+s ~ Q^r,s^r,r+sCr £ s — 
-^^r,s^r,r+s{^r-s,r+2s + 2-/V rir _ s + N s ^ r ^ s )( r (g ( r +2s + 

g {N r -s,r+2s(5N r ^ r+s — 2N r+S)T . + 2s) — N ryr+s (N Syr - s + 2A^ r _ s ))( s ( r+s £ r+ 2s 

In this case the normalisation polynomial becomes of fifth order in each variable, 
but will not be written out explicitly (the Mathematica output is 37 pages long!). 
Before we close this section we will make some general comments. The normal- 
isation polynomials can be expressed in terms of the structure constants N rtS , 
the Cartan matrix A rs and the coefficients in the Baker-Campbel-Hausdorff series 
which we'll denote by hi. There is some subtlety involved in this, as even though 
{C\ can be obtained from \Q) by the simple procedure Q — > — Q and exchanging 
bras for kets, it does not follows that (C|C') is the naive inner product of these 
two. This is so because lo*x(()x(C') can get extra contributions to its Cartan 
algebra- valued terms (i.e. terms proportional to ad hi). These extra terms arise 
from the Baker-Campbell-Hausdorff (BCH) formula. Obviously the first contri- 
bution is from exp(— J2 a ^( a (' a a l &d hi) which is precisely the first term in the 
BCH formula, b\ = \. There will also be a contribution from the next term, 
&2[[ad f a , ad ep\, ad e 7 ] + ^2[ad f a , [ad fp, ad e 7 ]], whenever 7 = a — (5 in the first 
term or 7 = a + (5 in the second part. The explicit form of the contribution will 
be b 2 {N_ a> p\i{a i - fr) + N-p _ a Ai(a* + (3*)) with b 2 = ^. The general pattern 
should now be clear. 



2.2 Non-Semisimple Lie Algebras 



We will consider only a few examples. First the Heisenberg algebra h±. In our 
notation the basis is 



,0 J3) 
'1 > e l 



e y e 2 



*,J' = 1,2 



(35) 
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where, in standard notation, = q, = p, e 2 = —ihl. Thus A + = {1,2} with 
dimgi = 2, dim 32 = 1- The adjoint representation reads 



ad e ( l ] =00-1 ad ef ] = I I ad e 2 = (36) 



It is a general feature that central elements do not appear in this formalism, as 
they are represented by the zero matrix. The vacuum vector is v = (0, 0, 1) and 
we have 























i 








/ 





k,.c, 2 ) cxp ( I I I (37) 

(38) 



And we get 



P ■= (Ci, C2IC1, Q = 1 + C1C1 + C2C2 == 1 + C • C (39) 

where we have written £ = (Ci, C2) & C 2 in the last equality. Hence the norm of a 
coherent state is p((, C) = 1 + ||C|| 2 - Since there are no poles in this expression we 
can normalise the states 

IC) -TTW (40) 

The set of coherent states span the Hilbert space M 3 <g> C(£, C) where C G C 2 .Q 
Next example is the unique non-abelian Lie algebra of dimension two, 



[e,h]=e (41) 



The adjoint representation reads 



-=(-1!) «"=(■.' :) ™ 

From which we get 

x(£) = e fad e = 1 + Cad e (43) 

2 Standard algebraic notation: ¥[x] denotes the set of polynomials in one variable x 
and coefficients from the field F, F(x) is the corresponding field of fractions, ¥(x) = 
{p(x)/q(x) I p(x),q(x) S ¥(x),q(x) 7^ 0}. Furthermore F[[x]] denotes the set of formal 
power series and F((x)) that of formal Laurent series, F((x)) = ¥[[x, x^ 1 ]]. 
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With v = (1,0) we then get the coherent state 



wherefrom we get 



10 



p(C,C') = i + CC' 



(44) 



(45) 



This is exactly the same as for the Heisenberg algebra except that ( is now one 
dimensional ( G C and not two dimensional. 

The final example we'll consider is the "fan algebra" f3. The algebraic relations 
are 



t = s, s ± r 

~ " N s , ±r e s±r t = ±r 

r , , ! t = s, s ± r 

M = { ±2e ±r t = ±r 

Whence (the ordering being chosen to be r, — r, s, s + r, s — r, 0) 



(46) 
(47) 



ad e r 



( 














-2 \ 


























-N s , r 















































V o 


1 











o ) 



ad e, 



/ 

















o \ 


































































N s - r 














V 

















o > 



(48) 

for the positive roots (pseudo as well as proper) and finaly for the negative root 
and the "Cartan element" 



ad e_ 







/ o 









V -l o 














\ 

2 







/ 



ad h 



\ 




/ 
(49) 

It is now straight-forward to compute the normalisation polynomial p, and we get 



/ 2 





V o 














ad e s ± r — 



p(C,0 



i-2CCr + c; 2 c 2 



(50) 
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with the coherent states being (v = (0, 1, 0, 0, 0, 0) = |2) just as for A\ upon which 
this algebra is build after all) 



-c 2 \ 



10 



1 

o 



(51) 



V 



Cr J 



Notice that p is independent of ( s . 

Let us summarise our experiences with non-semisimple Lie algebras so far. First 
we have noticed that central elements will not contribute to the ad e or ad f 
terms, but at most through the commutators, i.e. only if they can be written as 
c= [ffi> 92}, 9i,d2 G 0) (hence if and only if the central element c lies in the derived 
subalgebra q' = [0,0]). Secondly we notice that the normalisation polynomial need 
not depend on all the variables, £ a . The example of the "fan algebra", f3, showed 
this quite clearly. The normalisation polynomial will, however, always depend on 
all the proper roots, since these span a semisimple subalgebra. In general variables 
( a corresponding to a g a C 0' = [0, 0] will contribute, unless of course g a C Z(g), 
where Z(g) denotes the center of the Lie algebra. For a semisimple algebra 0' = 
and Z(g) = so all variables will appear. 

2.3 Loop and Kac-Moody Algebras 

Since this construction is based directly on the roots and the corresponding struc- 
ture constants and Cartan matrices it is quite natural to attempt an extension to 
Kac-Moody algebras. Recall, 0, that these can be defined in terms of generalised 
Cartan matrices as follows. An n x n matrix A is called a generalised Cartan 
matrix if it satisfies 

An = 2 Aij G -N A i:j = Aji = , i,j = 1, 2, n 

where No = N U {0} = {0, 1, 2, 3, ...} is the set of non-negative integers. For the 
n primitive roots on (i.e. the ones spanning the entire root space) the algebraic 
relations are then 



[ei,fj] = 5; 

[hi,ej] = A 

[hi,fj] = ~ 

[hi,hj] = 
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with ej = e at , fi = f ai and hi elements of the Cartan subalgebra f), hi = (ai,h),h € 

Furthermore, for the particularly simple case of affine Kac-Moody algebras, the set 
of imaginary roots become very simple, namely A; m = Z<5 = {0, ±n<5 | n = 1, 2, ...}. 
Such infinite dimensional Lie algebras can be represented as central extensions of 
loop algebras. Thus it seems advantageous to begin by considering loop algebras. 
Given a finite dimensional Lie algebra, semisimple or not, g, we form its loop 
algebra gi oop := C°°(S' 1 )(g)g, by defining the generators e™ = e a z n , /" = f a z n , hf = 
hiZ n , where e a ,f a ,hi are the generators of g and where z G S 1 (i.e. z £ C with 
\z\ = 1). If 5i,<72 are two arbitrary elements of g, then we define [g™, g%] = 
z n + m [ gi ,g 2 ] where gf = gi z n . 
Now, in this case we can define x{Q as 

x(C) = exp I ^ Ca,«ad e™ J = exp(^ Ca(*)ad e a ) (52) 

\n=— oo a / a 

where we have defined 

oo 

C«(*) := £ Ca,n^ n (53) 

n=— oo 

Hence Co becomes an analytic function S 11 — > C. If |£) is a coherent state for g, 
then |C(-2)) is a coherent state for the corresponding loop algebra, 0i O op> and we 
define the inner product to be 

<C(*)ICV)> = / (az)\C'(z))o5(z,z')dzdz' (54) 
Js 1 

where (-|-)o denotes the inner product in g, i.e ignoring the dependency on z,z'. 
Thusp, the normalisation polynomial, becomes a functional of ( a (z) G C oc (S 1 )®C. 
Explicitly 

P[C,C']:= / Po(C(*),C(*))d* (55) 
is 1 

where po denotes the normalisation polynomial of g. 

An affine Kac-Moody algebra is, as already mentioned, a non-trivial central ex- 
tension of a loop algebra. If g denotes a finite dimensional Lie algebra then the 
corresponding Kac-Moody algebra is g^ := gi 00 p © where K is the central el- 
ement and k is its eigenvalue. As we saw in section 2, central extensions lead to 
very small modifications of the coherent states. We then get 

|C,*> = \a*))+c(0\K) (56) 

P*[C,C] = [ (p (az),('(z))+c*(()c((>))dz (57) 
Js 1 
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for a general affine Kac-Moody algebra. 

Furthermore, using the general relationship for central extensions, (|20|), we have 
c(()=c((,v ):= £ Yl t^C^^kfz-^-Cvo) (58) 

where c™^ are the structure coefficients, 

[C «#] = A^e^jJ + d&K (59) 

i.e. 

= kmS m ,- n Kap (60) 
where k q/ 3 = (a\(3) is the inner product in root space. We have also defined 
Vn = v@ , Vn. 

For non-affine Kac-Moody algebras not much is known, but we can still attempt 
to use our constructive procedure. The set of imaginary roots become more com- 
plicated now. But we can write, || 

A im = U weW w(K.) (61) 

where W is the Weyl group and K, is some subset of the root lattice. So the basic 
quantity x(() gets modified accordingly to 



x(C) 




( a ade a + ^ J2e{w,I)C w ( 



(62) 



where e(w,I) is some number taking care of the possible multiplicity. In concrete 
cases one will then often be able to write ( as a function Q(z) with z in some set. 
But since we do not have any more concrete definition of neither /C, W nor Aj m , 
we will not be able to do more here. 

As a final comment, x(C) for Kac-Moody algebras is closely related to (generalised) 
screening operators, Q. One considers an algebra with generators e a ,f a ,h{ as 
usual, in some representation (always the adjoint representation in our case, just 
some formal representation in conformal field theory, CFT). Let (A| be a lowest 
weight vector in the appropriate module, then 

MleE^'Vgtea = ^ e Y.^+vS{x)t+0{t 2 ))e a 

{\\e~ tea e^f 3X ' 3ei3 = {\\ e tSa+0(t2 ">e^P xf<e i 3 



where S a is the screening operator, S a {x) = Sa{x)dp 1 where Sa = —Vi + f^a fa; 7 . 
The quantity Va is the vertex operator. These operators play a crucial role in 
conformal field theory, in the construction of free field representation. 
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3 Differential Operator and Free Field Real- 
isations 



By construction, the algebra q acts on the space of coherent states \Q. Since 
this space Tt is a space of (vector valued) functions, Ti(g) C F((£))<g)F d , d = dimg, 
it is natural to look for realisations of g in terms of differential operators. Define 
d a = , we then look for quantities E a ,F a ,Hi satisfying 



E a (C,d)\Q 
Fa((,d)\Q 
Hi(C,d)\0 



ad e a \C) 
ad f a \C) 
ad hi\C) 



(63) 
(64) 
(65) 



We can find these quantities by using the BCH-formula. Consider the corre- 
sponding Chevalley generators x a {t) = exp(tad e a ),X- a (t) = exp(tad f a ),Xi(t) = 
exp(tad hi) and notice that 



t (t)x(() := e iad ea e ^' 3>0 ^' 5ad ep = e^/ 3 >°^ ad e +t ^p v ™ ^) ad e /5+°(* 2 ) (66) 



implies 



(67) 



In ||, 1C] the "vertex operator" Va is given in terms of the structure coefficients 
f a g, we want to find an expression solely in terms of N a ^ and the Cartan ma- 
trix which are the appropriate quantities to use for a Chevalley basis. From the 
definition it follows that 



7,5 



We will write this as 



(68) 



(69) 



n>l 



in analogy with the notation of [1C]. Straightforward induction shows (the -B„'s 
are the Bernoulli numbers) 



M n 

^a;ai...a n 



(-l) nBn 



n 



(70) 
(71) 
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This follows from the following version of the BCH-formula 



e A e tB = exp I A + t E M ™( ad A) n B + 0(t 2 ) 



which is easily proven. 
Similarly we get 



n=0 



H; 



f3 i=l 

E^% + A,, 

/3 



(72) 
(73) 



Such quantities have been introduced in the study of conformal field theories 
(CFTs), H H|, the only new things here are the use of the adjoint representation, 
the new coherent states following from this and finally the use of the structure 
coefficients of the Chevalley basis, N a s, and the Cartan matrix Ai a . 
Combining the results from [p]] with our reformulation in terms of N a ^ we get 



yP - V N C p C C 

n 

vf = -(^\p)Cp 

P-a = ~^-a;ax...a n Ca.i---Ca n 



n>l 



(74) 

(75) 
(76) 



with a v = 2a/ (a | a) the co-root of a and (-|-) denoting the inner product in root 
space. 

The explicit form for the coefficients N n and the C's is 



n—fi 

£ 

fc=0 

r 5. 



Bk 



-a;ai...a„ 



k\{n-k)\ 

P 



(77) 



ai+...+a„-« Jv cin,-o Jv an-i,an-ci" J, ai,a2 + ..-+«n-a 

if fii : YTj= n -i aj-a = 



'ai+...+a n -i-i~ '"n, 



-l,a n +...+a„_i_2-a - 



ttn-i-l^ttii-i-2,ttn-.-l •••^ i ai.Q2- 

if 3i : E?=n-i «j - a = 



-a n _i_i 



nl 



ai+a2+...+a„,a Jv a„,-tt"-' y a2,tt3+...+an-a 



...iVn 



^ai+...+a„^an^ r a n -i,an-"'^ai,Q!2+^+an 



(78) 
(79) 
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with /j, = fJ,(—a, Pi, ...,P n ) being the smallest integer such that — a + j3\ + ... + (3 n £ 
A+. 

We can use our coherent states to reexpress these results. Introduce first of all the 
deformed addition in £-space, (£, (') i— > £ © C' where C © C' is defined by 

x(C)x(C'):=x(C©C') (80) 

The difference between C + C' an d C © C omv shows up in the non-primitive roots, 
where the BCH-theorem gives correction terms. For the examples of finite dimen- 
sional semisimple Lie algebras of rank at most two we get the following explicit 
results 

C©C' = C + C 

5 ^ A 2 : 



(C©C') = 

^ B 2 : 

(C©C') = 

^ G 2 : 



Cr + C 

c s + c 

Cr+s + Cr+s + 2 N r,s((r( s ~ CsC r ] 



Cr + C 
Cs + C's 

Cr+s + Cr+s + 2~N rjS (( r ( s — ( s ( r ) 
\ C2r+s + Cr+s + 2-^r,r+s(CrC+s ~ Cr+sCr) + 12 -^r,s-Nr,r+s (CrC 



( 



CsC 



) 



(CeC) 



Cr + C 
Cs + C 

Cr+. + ^ +8 + ^r,.(CrCi-C.C) 
C2r+s + Cr+s + 5^r,r+s (CrCr+s ~~ Cr+sCr) + j2 N r,sN r , r +s(C?C's 
V Cr+2s + C+2s + 2^ s > r +s(CsC+s ~~ Cr+sCs) + T2 N r,sN S! r+s(Cs(r 

This example shows how the non-commutativity of the algebra induces a defor- 
mation of the addition in £-space. 

Let us go back to the definition of v£ (x), then. We have 



CsC 2 ) 

CrC?) / 



from this we see 



E WMO = I 

7 eA + 

and the matrix elements then become 

<c"i E ^(^)^ic> = 



x(C)e* ade 1(-C)eC') 



7eA^ 



94 



<C"IC©T(t)e(-C)©C'> 



(81) 
(82) 

(83) 



t=o 
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where T a (t) = t5 a p. One should note that the deformed sum is associative but not 
in general commutative. We can also use the Chevalley involution to rewrite this 

as 



<C"| £ Vj(x)d,\C) 
7 eA + 



C"e(-C) 



d 




di 


t=o 



r(*)e(-C)©C 



(84) 



which is somewhat more symmetrical. 

We can also use our normalisation polynomial p to write 



<C"| £ WMO = | 

7 eA+ 



t=o 



p(C",Cer(t)e(-C)ec')= | 



t=0 



p(C"e(-C),r(t)©(-c)©0 

(85) 



This is our final result. It gives an explicit, intrinsic expression for the matrix 
elements of the vertex operator in the space of generalised coherent states. 
The differential operator realisation we've found here agrees with the usual one, 
as one can see by for instance considering the case of g = Ai, where we get 



E = — 



CA 



H 



- 2 4+ A 



(86) 



We will not list the realisations of the remaining semisimple Lie algebras of rank 
< 2, A2,B2,G2- Instead we will just consider one more example, namely the 
Heisenberg algebra, h\. In this case we get 



P 



_d_ _d_ 



d__ d_ 



ihl 



_d_ 



(87) 



This is a slightly unexpected realisation, but one quickly sees it satisfies the cor- 
rect commutator relations. On the subspace of C[[C P , Cqi Ci]] where ^/(C) = kf(C) 
with k some constant and / an arbitrary function, we get the more familiar re- 
alisation p = d + (k,q = d — (k, ihl = k where we have written ( = ( p ,( = ( q 
to emphasise the analogy with complex analysis. This particular realisation also 
clearly shows the Heisenberg algebra as a central extension of an abelian Lie alge- 
bra. 



Once one has the analogy with creation and annihilation operators (the root 
decomposition) and furthermore the realisation in terms of differential operators 
acting on some "Fock space" (through the coherent states), it is obvious to look 
for realisations in terms of quantum fields, too. 

In analogy with CFT we will then look for free field realisations of g, i.e. look for 
(bosonic) fields and (bosonic) ghosts 7 a (£), where £ G T is an element 



20 



in some parameter space T. These fields are then substituted for d a X a , \ in the 
following way 

0« C^7 a (0 Xi^VtdUO (88) 

where t is some real number and d(p denotes the derivative of eft with respect to £. 
Given some ordering : • : we then look for realisations 



E, 



a 



Hi 



vimmn) ■■ (89) 

vf(i(0)M0 ■ +VtdU0 (9i) 



the function T a is a possible anomalous term. For affine Kac-Moody algebras this 
construction is well-known (Wakimoto realisation), and in this case T = C The 
anomalous term, T a is known to be, |fLC| 1, for a primitive root a.% (the general result 
can be found in the reference) 

^-GsfcT 1 )*™ (92) 

The only difference in our case is the explicit appearance of the adjoint represen- 
tation instead of some formal exponential, e X£a . 

For finite dimensional Lie algebras, we will expect dimT < 1, i.e. we have a zero or 
one dimensional field theory. For non-affine Kac-Moody algebras we would expect 
dimT > 2, but we wont be able to prove this. Due to a lack of knowledge about 
non-affine Kac-Moody algebras we will restrict ourselves to finite dimensional Lie 
algebras, semisimple or not. 

Consider then a finite dimensional Lie algebra q. We want to write down a free 
field realisation a la Wakimoto for this. The parameter space T will be taken to 
be the discrete set Z, i.e. dimT = 0. The analogy with the OPE's of the affine 
Kac-Moody algebra case is then 

E a (n)Ep{m 
E a (n)F a (m 
Hi(n)Hj(m 
Hi(n)E a (m 
Hi(n)F a (m 



$nmN a fiE a+ p (93) 
SnmtfHiin) (94) 
(95) 
5 nm A ia E a (n) (96) 

(97) 



J nm- ry ia ± a \ 

and so on. A note about the notation: the 5 nm need not be the actual Kronecker 
delta, it is merely a "reproducing kernel" in the sense that it acts like a Kronecker 
delta 

f(n)S nm = f(m) V/ (98) 
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just like the (z — w) 1 in the affine Kac-Moody algebra acts like a Dirac delta 
function 

/(2) dz - /(») 



z — w 2iri 



In analogy with the affine Kac-Moody algebra case we have not written the "non- 
singular terms", i.e. the terms which are not proportional to (S nm ) k for some 
k > 0. 

Next, we want to introduce free "fields" (since dimT = we are actually working 
with quantum mechanics rather than quantum field theory) 

dp^Ppim) Ca^la(m) Xi^ Vi6<f>i(ri) (99) 

where 

f3 a (n)^(m) = 5 nm S a ,i3 (100) 
^(n)^-(m) = K{at\a])^ nm (101) 
<tyi(n) := &(n + l)-&(n) (102) 
5A nm = 5 nm (103) 

here k is some constant. 

The question is then whether anomalous contributions come into play like they do 
in the infinite dimensional case. In fact they have to, for the very same reasons 
as in the infinite dimensional case, namely because of the Aj part of F a , which 
becomes proportional to the bosonic field in the Wakimoto realisation. An 
extra term is then needed to compensate for the 4>i<j)j contribution to the OPE's, 
i.e. it must contain a ^-contribution. Straightforward computation yields the 
same result as for the affine Kac-Moody algebra case, since this only uses the root 
decomposition. 



4 Conclusion 

We have generalised the notion of coherent states from the harmonic oscillator 
using an analogy with the GNS-construction for C*-algebras. The resulting pro- 
cedure is constructive and allowed us to handle not only semisimple Lie algebras, 
but also non-semisimple ones even those corresponding to non-compact Lie groups 
such as su(l, 1), so(2, 1), so(3, 1) etc. Furthermore affine as well as non-affine Kac- 
Moody algebras could be treated with this procedure too. 

The only ingredient in the procedure is the Lie algebra structure, put more pre- 
cisely, a root decomposition, the structure constants iV rjS and the Cartan matrix. 
The representation used was the natural one, i.e. the adjoint representation acting 
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on the underlying vector space of the algebra. 

In this way, a coherent state becomes a vector- valued function, and the set of these 
states are C((C))<8>F d , with d = dim 5, for finite dimensional Lie algebras, whereas 
for affine Kac-Moody and loop algebras formed from some finite dimensional Lie 
algebra g, the set of coherent states span C°°(S 1 ) ® C((C)) <8> F d , i.e. the corre- 
sponding loop space. 

The advantage of the proposed construction is the nilpotency of the adjoint rep- 
resentation, for semisimple algebras, making the space of coherent states finite 
dimensional, namely simply C(£) (8> ¥ d . 

We finally defined differential operator and free field realisations of the algebras in 
analogy with what is done for affine Kac-Moody algebras in conformal field theory. 
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diagram 



algebra 



g ~ A l © Fe s 



[e s ,e± r ] = iV S)±r e s±r 



~ A 1 © Fe s © ¥e 2s 



~ A 1 © (Fe s 



p (l) p (2) 



= 



~ Ai © hi 



Table 1: The first few non-semisimple Lie algebras which can be build from 
Ai by adding pseudo roots. The © denotes direct sum as Lie algebras and 
not just (as in the text) as vector spaces. 
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